This paper uses an elementary surgery technique to give a simple topological proof of a theorem of Harer which says that the simplicial complex having as its top-dimensional simplices the isotopy classes of triangulations of a compact surface with a fixed set of vertices is contractible, except in a few special cases when it is homeomorphic to a sphere. (Triangulations here are allowed to have triangles with coinciding vertices or edges.) The proof yields mild generalizations of Harer's theorem, allowing more general vertex sets, as well as extending to a larger complex whose simplices correspond to curve systems consisting of circles as well as arcs. As a corollary we deduce the well-known classical fact that any two isotopy classes of triangulations of a compact surface with a fixed set of vertices are related by a finite sequence of elementary moves in which only one edge changes at a time.
Theorem. (a) The complex A(S, V ) is contractible except when S is a disk with V contained in ∂S or an annulus with V contained in one component of ∂S . In these exceptional cases A(S, V ) is homeomorphic to a sphere. (b) If V contains at least one point in the interior of S , then C(S, V ) is contractible.
When V is contained in ∂S , the complex A(S, V ) is the complex denoted AZ(∆) in [H1] , whose contractibility is the principal technical result (Theorem 1.5) in that paper, proved using the heavier machinery of Thurston's theory of projective lamination
spaces. An intermediate generalization is Theorem 1.1(a) in [H2] . See also [B-E] . The exceptional situation when A(S, V ) is a sphere is Theorem 1.1(b) of [H2] .
Another special case of interest is when ∂S = ∅. If we then form the compact surface S by puncturing S at the points of V , then C(S, V ) can be identified with the subset of the projective lamination space of S consisting of laminations with all leaves compact. Namely, to a point of a simplex In case V meets each component of ∂S , the maximal simplices of A(S, V ) correspond to collections of arcs decomposing S into triangles with the fixed vertex set V , "triangulations" in the generalized sense that vertices of a triangle can coincide, as can a pair of edges, and two triangles can intersect in more than a vertex or edge. In the general case that some components of ∂S are disjoint from V , then maximal simplices of A(S, V ) decompose S also into punctured monogons, the punctures being these components of ∂S . For simplicity we will call these more general decompositions "triangulations" of (S, V ) also. Codimension-one faces of these simplices are obtained by deleting one edge from a triangulation. In the two cases of elementary moves, the codimension one face belongs to exactly two maximal simplices. The only other possibility is that the deleted edge occurs twice in the same triangle, and the codimension one face belongs to only one maximal simplex. The Corollary thus translates into the statement that any two maximal simplices in A can be joined by a path passing only through (open) codimensionone faces, except in the cases when A has dimension zero and more than one point; using the Theorem one sees that this happens only when (S, V ) is a quadrilateral or a punctured digon, exactly the two cases shown in Figure 1 , when A consists of two points related by an elementary move.
The basic fact we need is that A is connected whenever it has dimension greater than zero. This follows from the theorem. By this fact, any two maximal simplices of A can be joined by some polygonal path in A , and it remains to push this path off all simplices of codimension greater than one. This is done by induction on the minimum dimension of the simplices encountered along the path, and will be possible Now for t ∈ [0, 1] let P t be obtained from P by first cutting part of the way through the thickness θ band crossing β , starting from a chosen end of β and cutting in to a thickness tθ , then redirecting the two ends of the resulting cut band to the given end of β , as indicated in Figure 2 (b). The curves of P t will all be essential, except for ∂ -parallel arcs produced as in Figure 3 . These we simply discard from P t ; note that not all of P t is discarded since we assume V has at most one point in each component of ∂S . and ΣA(S, V ) into the same three pieces, intersecting in the same way, so they are homeomorphic, in fact piecewise linearly homeomorphic.
The general case of (a) now follows by an inductive procedure, the inductive step being given by the Proposition. In most cases the induction starts with one of the special cases considered earlier when V has at most one point in each component of ∂S , so 6 A(S, V ) is contractible. The exceptional cases where A(S, V ) is a sphere arise from starting the induction with the two cases that A(S, V ) is the sphere S 0 , shown in Figure 1 , the cases that S is a disk and V consists of four points in its boundary, or S is an annulus and V consists of two points in one of its boundary components.
For (b) the same technique used to prove the special case of (a) can be applied provided that we choose for β an essential arc with both endpoints at a point of V in the interior of S .
